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Abstract 
Sidorenko, A.F., Triangle-free regular graphs, Discrete Mathematics 91 (1991) 215-217. 
Answering a problem of ErdBs it is proved that for every n # 3, 7, 9 there exists a regular graph 
on n vertices with no triangles where the independence number is equal to the degree. 
Among open problems which are presented at the Third Conference on 
discrete mathematics in Clemson University (cf. [2]), Problem 10 is proposed by 
P. ErdGs. He asked whether there exists a regular graph G, on n vertices with no 
triangles where the largest independent sets have a size equal to the degree of G,. 
Here we prove that G, exists iff IZ # 3, 7, 9. 
Let Gn,k be the graph whose vertices are residues modulo n where any two 
vertices i, j are connected iff 
(i -j) E {fk, f(k + l), . . . , f (2k - 1)). 
If n 2 6k - 2 then Gn+ is a triangle-free regular graph whose degree is equal to 
2k. 
Lemma 1. If n =s 8k - 3 then the independence number of Gn,k is equal to 2k. 
Proof. Consider 2k + 1 numbers 0 s t,, < tI < . * * < tzk s n - 1 and suppose that 
(tj-ti)${fk,f(k+l),..., f(2k - 1)) for any i and j. Put si= tj+l- ti (i= 
1, 2, . . . ) 2k - l), so = n + to - tzk. It is clear that Si s k - 1 or si > 2k for any 
i=O,l,..., 2k - 1. Let r be equal to the number of members si which satisfy 
sia2k. If t-33 then 
n>r.2k+(2k+l-r)*l=r(2k-1)+2k+1~8k-2, 
that contradicts the assumption of the Lemma. If r =s 2 then there exists i such 
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that s~+~< k for every i = 0, 1, . . . , k - 1 (we mean that &+l= sn, Szk+2 = 
Sl, . . .). Denote po = 0, pi =si + si+l + * . . +~i+j_l (j = 1, 2, . . . , k). Hence 
pi = (tj+j - t,) (mod n). Since every Si+j 2 1, pk 2 k. Let i = min{l: pi 2 k}. So 
pj 2 k, p,-1 c k - 1, pj=pj_i+si+j~(k-l)+(k-1)~2k-l. 
Therefore 
(ti - ti+j) E { fk, f(k + l), . * . 9 f(2k - l)}, 
which leads to a contradiction. 0 
Lemma 2. If there exists a m-vertex triangle-free regular graph G with the degree k 
and the independence number 1 then for an arbitrary integer t there exists a 
(t . m)-vertex triangle-free regular graph with the degree t . k and the independence 
number t * 1. 
Proof. It is sufficient to replace every vertex of G by t independent vertices where 
any two vertices are connected iff their parent vertices are connected in G. 0 
Let L be the set of all n for which there exists n-vertex triangle-free regular 
graph whose degree is equal to the independence number. Put L, = {n: 6k - 2 c 
n c 8k - 3). Lemma 1 implies L 2 L1 U Lz U . * . . It follows that every integer 
n 3 2 except 2, 3, 6, 7, 8, 9, 14, 15 belongs to L. The graph with 2 vertices and 1 
edge show that 2 E L. Thus Lemma 2 implies 6,8,14 E L. Since 5 E L,, Lemma 2 
implies 15 E L. 
Corollary 3. Zf n 3 2, n # 3, 7, 9 then n E L. 
It remains to consider the cases n = 3, 7, 9. 
Lemma 4. 3, 7, 9 $ L. 
Proof. The case n = 3 is trivial. So we consider the cases n = 7, 9. Theorem of 
Mantel [l] (that is a special case of Turan Theorem [3]) implies that a 
triangle-free graph with 7 vertices has at most 12 edges and one with 9 vertices 
has at most 20 edges. A regular graph whose number of vertices is odd must have 
an even degree. Hence the degree of a n-vertex triangle-free regular graph is 
equal to 2 in the case n = 7 and is equal to 2 or 4 in the case n = 9. A regular 
graph with degree 2 is a union of disjoint cycles, hence it has at least 3 
independent vertices for n 2 7. Thus 7 $ L. Suppose, we have a triangle-free 
regular graph G with 9 vertices, whose degree is equal to 4. Consider a pair of its 
adjacent vertices vi, v2. Let v, be connected also to v3, v4, us and vz be 
connected to v6, v7, vg. The remaining vertex vu is connected to 4 vertices from 
V = {vg, v4, v5, vg, v7, us}. Two cases are possible: vg is connected to 
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v3, 214, US, 216 or to v3j v4, v6, ‘U-I- Let e be the number of edges in the subgraph 
induced by V. Since G has not a triangle, {v3, v,, v5} and (216, v7, vg} are 
independent sets. Moreover, the set of vertices connected to v9 is independent 
also. Thus in any case e 6 6. At the other hand, since G is a regular graph of the 
degree 4, the number of all edges in G is equal to e + 4 + 1 + 3 + 3 = 18, hence 
e = 7. This contradiction implies 9 $ L. 0 
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